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Nonlinear Dynamics of a Quantum Mesoscopic Circuit
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Abstract: In this article we study the nonlinear dynamics of a quantum mesoscopic circuit in the range where
the initial condition 90 that is, the initial normalized magnetic flux of the system which oscillate in the interval

[-0,, +0,]is close to 7. This circuit is modeled as a LC circuit with quantized electric charge excited by
energy battery that can produce an electrical discreteness charge in LC quantum circuit in the form of narrow
pulses.
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I.  Introduction
Let us first start by reviewing the essentials of quantum LC circuits with continuous charge, as
discussed by Louisell [1]. Recall that a classical LC circuit is described by the Harmonic oscillator Hamiltonian:

q)Z QZ
1)
2L 2C
in which Q represents the electric charge, and @ the magnetic flux, its canonical conjugate variable;
the equations of motion are the classical Hamiltonian equations. To quantize the system, the variables Q and

@ are replaced by the operators @ and @ . Following [2, 3,4], to recover the quantization of charge within
this electrical circuit approach, we introduce the replacement

D = sm(qe d), (2

where the canonical variables Q and @, and the Hamiltonian H become operators, Q —>@,
O - % H— pl , and the @ and % operators satisfy the canonical commutation rules [@,@)J =ih.Inthe
classical case, the equations of motion are the Hamilton equations, dQ/dt =0,Hand d®/dt=-0 H ;

while in the quantum case, the equations of motion are the Heisenberg equations, hd@/dt = —[@, pq and
hd® / dt = —[@), pl} The mathematical problem to be solved becomes that of finding the eigenvalues and

eigenstates of the Hamiltonian operator, pl ; to do that, one usually adopts the so-called charge representation
(Q -representation), in which @ — Q and b —> —i7d /dQ , the Hamiltonian operator becomes

H= 2" sm(CI ¢)+ Q
gL 2C

We treat our mesoscopic system as a quantum electrical circuit, with quantized charge.where , is the

®3)

quantum of charge. We remark that, if charge discreteness is neglected, the operator @) may be directly
identified with the magnetic flux operator, and therefore directly related to the current; however, when one
introduces charge discreteness via the replacement above, the simple relation to the current is lost, therefore,
after replacement (2) the flux operator becomes the pseudo-flux. This pseudo-flux operator satisfies the usual

commutation relation [@,@)] =i% . Notice that, given the complexity of dealing with an operator such as the
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one above (2), it is simpler to work in the so-called pseudo-flux representation, in which the operator @) is
.. 0
replaced by its eigenvalue ¢ , while the charge operator is given by @ = Iha—d). In this way, the resulting

Hamiltonian is given by (3).

The Hamiltonian operator above constitutes our starting point, and our working hypothesis. The
parameters of our theory, particularly L and C, are related to the geometry of the system, but are hard to
compute for a given experimental system, therefore, they should be deduced from experimental observations. In
section 2 we give a background of a semiclassical study of LC circuit. In section 3 we discuss solutions of the
differential equation for the mesoscopic circuit in nonlinear regimen. Finally we give our conclusions.

I1. Semiclassical Study of LC Circuit

The electrical engineer use simplified model provided by thecircuit description of a system, when
compared with the more complete, however, we describe the behaviour of electrons modern circuits using the
basic laws (Kirchhoff) as in a classical circuit. Many examples can be given: flux quantization on
superconductors, conductance oscillations, quantum hall effects (integer and fractional), persistent currents and
so on.

It would be very useful to find out to what extent a circuit-like description could be of use for the very
small electronic circuits of mesoscopic devices, and what may be retained from it [5-9 ], for example, one area
in which the ”quantum LC circuit” may give valid results is in the calculation of energy spectra since it still
required to solve the Schrodinger equation.

Now, we propose to go one step further in our simplification, by proposing to use a ”semiclassical”
approach [2, 3,4] . We start from our Hamiltonian, for the LC circuit, with quantized electric charge

2 2
H =21 sin %), & @
Q’L~ 2n° 2C
and the Heisenberg motion equations are
oH oo oH L ho.
—:9:—¢, —=Q=—sm(q;°¢) (5)
Q C o0 QL 7
This pair of equations may be written as a single second order equation
2
%%rmgsinG:O ()

where we define =/ ,, with ¢, =7%/d,, (pand Q are c-numbers), > =1/ LC. Equation (6)

is the same expression than simple pendulum, a system that has been quantized by several authors [5], (see
references therein). Discrete-charge quantum circuit have been studied other authors [10-13], to obtain

approximate quantum energy eigenstates for initial condition Sin 90 ~ 60 (radians). In this paper we will study

the nonlinear dynamical behavior when 60 <T.

At the initial instance, the energy of the mesoscopic circuit is the sum of the kinetic and potential
energy, from (4) we obtain :

HZ

E, =00+E,.sin’(0,/2) or
n2
E,/2=00/2+(E,. /2)sin?(6/2) @)

with E, . =4®; =4/LC which has been normalized and ¢/, =0, 7/, = ¢, . Because of the assumed
lossless system , the initial energy is preserved for all instances:

E, = 02(1)+ E, . sin?(6(t) / 2)

Here, Ep /2= 20)3 is the maximum possible (normalized) potential energy of the quantum circuit, being

0
attained when © = 0. Here, we are interested in the quantum circuit when E, < E . where
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:
0°(t)=E,—E_.sin*(6(t)/2)>E, —E,. <0 ®)

I11. Solution of the Differential Equation of Motion for the Mesoscopic Circuit when E; <E,

Analytically to determine the dynamics of the mesoscopic circuit, we must solve the equation
2

%+wgsin9=0

This is similar to the approach proposed in the work of [14] for pendulum theory, but will impose an
0
initial condition where g is zero. That is to say,
doe
0(t=0)=6,, —
(t=0)=6,,

In this equation ,90 is the initial angular displacement of the system which oscillates in the interval [- 90 ,

D
=00=0 9)

t=0

do
+0,]. Now we multiply equation (6) by—t , we have

Which is written as
df1,do
—| = (=) -o;cos0 |=0 (10)
dt] 2 "dt
Equation (10) refers to the conservation of the total mechanical energy, to integrate and apply the initial
conditions given by equation (9), we obtain

((jlj—?)2 = 205 [cos(B(t)) —cos(6, (1))] (11)

The solution of this equation is given in appendix A

0(t) = 2sin*| ksn(F(sin (1), k) + oyt k | (12)

(See appendix A), therefore equation (12) reproduces the known formula for the nonlinear pendulum [14].
o(t) = 2sin ™ [JEsn(F(sin-l(l), K) +at, k] (13)

T
However F(E, k) = K(K) is the first class elliptical integral [14], so

o(t) = 2sin [JEsn(K(k) +at, k] (14)

The period T is the time required to complete a cycle, in this case, the oscillation period T is four times
the time taken from 6=0,(A=0), 0=06,, (A =1) (see appendix A) so
o, [ ©=4K(K) (15)

In Figure 1, the period T differs appreciably from T, only for large amplitudes. For small amplitudes it

is sufficient to take the first corrective term, sufficient approximation for most practical situations as is done by
other authors [12-14].

1.2 4 -

1.0 + -

e =8 s so 120 150 180
&
Figure 1. Change in the frequency or period of mesoscopic circuit according to the amplitude, equation (15).
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As the initial angular displacement increases (and its initial angular velocity), the oscillation period
®, / =T /T,increases considerably. That is, the movement becomes disharmonious. Since the magnitude of
sin@ is always less than the angle €, the acceleration of real circuit will be noticeably lower than
d’e
dt?
motion. For this reason, once the movement becomes anharmonic significantly, the period no longer remains

constant but lengthens increasingly with increasing amplitude.
Now to study the nonlinear behavior of the mesoscopic circuit we suppose a normalized battery energy

Eg =E,., / 2Cd>0’ which can be positive or negative that is connected to LC circuit. We only consider the

= —0)5 Sin O (valid for small angles where Sin© ~ 0), and corresponds to the simple angular harmonic

adiabatic approximation so that battery energy Eg (t) is consider as a constant . Actually, the linear term given
by the battery can be moved by a translation in the ‘coordinate’ (charge) space and we make a re-definition of

@ and Q and a shift of the energy EO.
The condition energy conservation is

i
0°(t)=E, —E_.sin*(0(t)/2)>E,—E . <0
Here, Egisincluded in E,. According equation (11)

de
()= 202 [cos(O(t)) — cos(6,(1))] (16)
0
When 0(t) =, 60=0, the critical angular velocity is
((:;—(3)c =y, /2[1+C056, | 17)
where

0 0
O(t)=0(t—T), O(t)=0(t—-T). T =4K(K)/ a,.
0
If the mesoscopic circuit has solely the initial condition 00 without any initial angular velocity &, ,

0

6o =0, then we have K =1/ 2 . For these special initial values and the initial instance
ot = o,t+K(K)

0(t) = 2arcsin(ksn(mt, k)) (18)

o(t) = JE, en(ksn(at, k)

which is the known solution in the literature [10] for nonlinear pendulum. . Numerical values are given
for different values of Egbut with 0 <6, <.

For amplitudes shown in Table 1, the harmonic function provides an excellent approximation to the
periodic solution of Eg. (18) and the periodic motion exhibited by a simple mesoscopic circuit is practically
harmonic but its oscillations are not isochronous (the period is a function of the amplitude of oscillations).

From table 1, we can conclude that for initial amplitudes as high as 0.75 1t the effect of the nonlinearity

0
is seen only in the fact that the frequency of the oscillation 0 depends on the amplitude (90 of the motion.

Table 1
- 8

max 0 min 0 8 0, ,tx10 =
0.3 -0.3 0 0.17C 2,48, 8, 11, 14 -04

0.75 -0.75 0 0.257C 2,5, 82,113,145 -0.25
15 -1.5 0 057C 2.1,55,9,13,16.5 0

25 -2.55 0 0.757C 2.4,7,12,16.3,22.5 0.25
3.0 -3.0 0 0.99 7T 5.5, 17, ... 0.5
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0
Table 1, shows values of different parameters of the mesoscopic circuit for 6 =0 at microwave
frequency obtained from equation (18).
As a comparison between Figures 2 and 3, Figure 1 shows a temporal variation of 0 practically
0
harmonic while Figure 3 presents a large period with O (dashed line) as a set of pulses corresponding to a
discrete charge configuration.

1.5 ¢
1L
0.5}
0 : thx10—9
0.5 ¢
1k
1.5+

Figure 2 Shows an example for the solution of the amplitude © with©, = 0.5t and E; =0 .

As has been stated above, sn and cn are periodic functions having a real period equal to four times the

complete elliptic integral of first kind. Therefore, the amplitude © is also a periodic function.
0
Figure 3, shows the amplitude® and the angular velocity O . They are also periodic functions for

0, =0.995n, : E; =0.5. Therefore, the amplitude © and the angular velocity are also periodic functions.
However the dynamics of the circuit is is highly nonlinear.

] 0 0
Here 0 is proportional to the discreteness charge Q of the quantum circuit % =—0—> % =-0 (19)
0
3
i
2} .Y
O
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Figure 3, the amplitude © and the angular velocity are also periodic functions for 8, =0.995n,: E; =0.5.
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IV. Conclusion
In this article we have studied the nonlinear dynamics of a quantum mesoscopic circuit in the range

where the initial condition 0, that is the initial normalizes magnetic flux of the system which oscillate in the

interval [-0,, +0,] is close to 7. This circuit is modeled as a LC circuit with quantized electric charge

excited by energy battery that can produce an electrical charge discreteness in LC quantum circuit in the form
of narrow pulses.

In the event of small oscillations, the energy E, of the circuit is small compared to the maximum

possible potential energy ELC . This leads to a modulus close to zero, for which the Jacobi elliptic functions can

be replaced by trigonometric functions.
The period of oscillation of the mesoscopic circuit is constant and independent of the initial angular

displacement for values of 490 =/ 2, as shown in Figure 1. As the initial angular displacement increases (and

its initial angular velocity), the oscillation period increases considerably when 6?0 =~ 7 . That is, the movement

becomes disharmonious. For this reason, once the movement becomes dissonant or anharmonic significantly,
the period no longer remains constant but lengthens increasingly with increasing amplitude. The results
presented also intend to bring the student of physics and engineering , the introduction of elliptic integrals and
motivate the search for new alternatives offered programming to solve physical and applied mathematical
problems.
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Appendix A
Analytically to determine the dynamics of the mesoscopic circuit, we must solve the equation
d’o .
— +®:sin6=0 (A0)
de? "

This is similar to the approach proposed in the work of [10] for nonlinear pendulum theory, but will
0
impose another initial condition, that is the initial angular velocity Oo is zero. That is to say,
doe |
9(t=0)=90, E =90=0 (Al)

$(t=0)

0

In this equation , 0, = is the initial angular displacement of the system which oscillate in the interval

. d
[-6,, +6,1and Bo is the initial angular velocity. Now we multiply equation (A0) bya

dode do , .
EF_‘_E(’OOS”‘]O

Which is written as

%B (%)2 —; cos 9} =0 (A2)
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Equation (A2) refers to the conservation of the total mechanical energy, to integrate and apply the initial
conditions given by equation (Al), we obtain

( )2 202 [ cos(8(t)) —cos(8, (1) ] (A3)
leen the trigonometric identity
cosO=1- Zsinz(g)

in equation (1) and considering the following changes of variables:

sinz(e—z") =k, sin(g) ={(t) (Ad)
Equation (A3) in terms of the new variables is given by

(%)2 =405 [ k-7 (A5)
where the initial conditions given by equation (Al), satisfy

Ct=0)=vk, ana So= 8D )0 (#5)

dt  do dt 2 2" dt
It should be noted that 6 varies between 0 and =, therefore, it is determined k in 0 <k <1. From equations (A5)
and (A6) follows

o = aik[1-cJa-3) &

effecting a change of dimensionless variables, defined by:

T=mt, kz% (A8)
Equation (A5) in terms of the new variables is:

d7\‘ 2 2 2

—) =[1-kr° [(1-A A9
()" =1k Ja-2) (A9)
where A(t=0)=1, (A10)
From equation (15) we have

da

dt=+ (A11)

Ja-ka?]a-2%)

integrating both sides of equation (A11) we get easily

i—j da +} di
Jk o J1k=22]a-23) o\ [1/k-22]a-2%)

Incomplete elliptic integrals of first class are defined as (Abramowitz and Stegun, 1972): each of the integral
equation (A12) are expressed in the form,

T==%

(A12)

dr
=sn'(\ Kk (A13)
«/_I\/ukx Ja-2? 01
o =F(sin*(1),k) (A14)

J_I\/llk A2 |@-2%)

Then equation (A12) is expressed as:

+1(A) =sn (A, k) —F(sin* (1), k) (A15)
Finally we can obtain the angular displacement, in equation (A15) as
0(t) = 2sin*| ksn(F(sin (1), k) + oyt k | (A16)
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